We study 3-manifolds in R 5 with corank 1 singularities. At the singular point we define the curvature locus using the first and second fundamental forms, which contains all the local second order geometrical information about the manifold.
Introduction
The aim of this paper is to study the curvature locus of a 3-manifold in R 5 with corank 1 singularities. Our investigation is motivated by [11] and [1] in which the authors study, respectively, singular surfaces in R 3 and R 4 with corank 1 singularities. More specifically, they both define the curvature parabola, a plane curve in the normal space that plays a resembling role as the curvature ellipse for regular surfaces in Euclidean spaces, using the first and second fundamental forms of the surface at the singular point. The regular case has been known since a long time ago (see [9] ), and the curvature ellipse has proven to be a useful tool in the study of geometrical properties from both, the local and global viewpoint [6] , [10] and [13] .
For smooth 3-manifolds immersed in R n , n ≥ 5, the geometry of the second fundamental form at a point is determined by the geometry of a set called the curvature locus. In [3, 4] the authors study the behaviour of this curvature locus, describing their possible topological types. As the previous cases, we define the curvature locus as the image of the unit tangent vectors via the second fundamental form.
Let M ⊂ R 5 be a 3-manifold with a singularity of corank 1. This means that M is the image of a smooth map g : M → R 5 from a smooth regular 3-manifold M whose differential map has rank ≥ 1 at any point. Hence, the tangent space T p M at a singular point p degenerates to a 2-space and N p M is the 3-space of directions orthogonal to T p M in R 5 .
q ∈ M is a singular corank 1 point of g such that g(q) = p. Given a coordinate system φ : U → R 3 defined on some open neighbourhood U of q in M , we say that f = g • φ −1 is a local parametrisation of M at p. See the diagram below.
We define the tangent space to M at p as T p M = Im(dg q ), where dg q : T q M → T q R 5 is the differential map of g at q. Once q ∈ M is a corank 1 point of the map g, dim(T p M) = 2. The normal space N p M at p, is the 3-dimensional vector space such that T p R 5 = T p M ⊕ N p M. We denote the corresponding orthogonal projections by:
The Euclidian metric of R 5 induces the first fundamental form I : T q M ×T q M → R:
Observe that I is not a Riemanniam metric on T q M . However I is a pseudometric. We can also define the second fundamental form II : T q M × T q M → N p M of M at p. Given local coordinates of M at p as before, we define II(∂x, ∂x) = f ⊥ xx (φ(q)), II(∂x, ∂y) = f ⊥ xy (φ(q)), II(∂y, ∂y) = f ⊥ yy (φ(q)), II(∂z, ∂z) = f ⊥ zz (φ(q)), II(∂x, ∂z) = f ⊥ xz (φ(q)), II(∂y, ∂z) = f ⊥ yz (φ(q)), and we extend II to T q M × T q M in a unique way as a symmetric bilinear map. Let u = a∂x + b∂y + c∂z ∈ T q M be a tangent vector. Then, II(u, u) = a 2 f ⊥ xx (φ(q))+2abf ⊥ xy (φ(q))+b 2 f ⊥ yy (φ(q))+c 2 f ⊥ zz (φ(q))+2acf ⊥ xz (φ(q))+2bcf ⊥ yz (φ(q)). Proof To prove this lemma consider another coordinate system of M at q and apply the chain rule (see, for example, Lemma 2.1 in [11] ). ✷ For each normal vector v ∈ N p M, we can consider the form II v : T q M × T q M → R which we call the second fundamental form of M at p along v, given by
The coefficients of II v in terms of local coordinates (x, y, z) are:
For a fixed orthonormal frame {v 1 , v 2 , v 3 } of N p M, the quadratic form associated to the second fundamental form can be written as
where
2, 3 and the above coefficients calculated at q. Furthermore, in terms of the chosen frame, the second fundamental form can be represented by the following 3 × 6 matrix of coefficients:
The curvature locus
Inpired by the definition of the curvature parabola for corank 1 surfaces in R n , n = 3, 4 we shall give a natural definition for the curvature locus of corank 1 3-manifolds in R 5 .
Definition 3.1 Let C q be the subset of unit vectors of T q M and let η : C q → N p M be the map given by η(u) = II(u, u). We define the curvature locus of M at p, which we shall denote by ∆ p , as the image of this map, that is, ∆ p = η(C q ).
From the previous definition, ∆ p = {II(u, u) | I(u, u) 1/2 = 1} and from Lemma 2.1, the definition of the curvature locus does not depend on the choice of the local coordinates of M . Example 3.2 Let M be the image of M = R 3 by the map g(x, y, z) = (x, y, xz, yz, z 2 ). So M is the 3-dimensional crosscap. Taking coordinates (u, v, w, u ′ , v ′ ) ∈ R 5 , p = (0, 0, 0, 0, 0) and q = (0, 0, 0), the tangent space T p M to M at p is the (u, v)-space and so, the normal space N p M is the (w, u ′ , v ′ )-space. Then, for any u = a∂x+b∂y +c∂z ∈ T q M , we have E = G = 1, F = H = I = J = 0. The fundamental forms are given by I(u, u) = a 2 + b 2 and II(u, u) = (0, 0, 2ac, 2bc, 2c 2 ). Hence, the subset of unit tangent vectors is the cylinder C p = {(a, b, c) ∈ R 3 | a 2 + b 2 = 1} and the curvature locus
is a paraboloid.
Example 3.3
Other examples of curvature loci for corank 1 3-manifolds in R 5 are the following:
is a parabolic region for all p = (0, y, 0, 0, 0) with y ∈ R.
(ii) Let g(x, y, z) = (x, y, xz, yz, 0) then for p = (0, 0, 0, 0, 0) we have that ∆ p = {(0, 0, 2ac, 2bc, 0) | a 2 + b 2 = 1, c ∈ R} is a plane.
(iii) Let g(x, y, z) = (x, y, z 2 , 0, 0) then for p = (0, 0, 0, 0, 0) we have
(iv) Let g(x, y, z) = (x, y, xz, 0, 0) then for p = (0, 0, 0, 0, 0) we have ∆ p = {(0, 0, 2ac, 0, 0) | a 2 + b 2 = 1, c ∈ R} is a line in N p M through the origin.
(v) Let g(x, y, z) = (x, y, 0, 0, 0) then for p = (0, 0, 0, 0, 0) we have that ∆ p is just the point (0, 0, 0, 0, 0).
Remark 3.4
Since the map g, used for the initial construction, has corank 1 at q, we can choose the coordinate system φ and make rotations in R 5 such that
In this case, the coefficients of the first fundamental form are given by E = G = 1 and F = H = I = J = 0. With these coordinates, given a unit tangent vector u ∈ C q and writing u = x∂x+y∂y +z∂z, since
we have x 2 + y 2 = 1, that is, C q is a unit cylinder parallel to the z-axis. Hence, fixing an orthonormal frame {v 1 , v 2 , v 3 } of N p M and using (1), it follows that
is a parametrisation for curvature locus ∆ p in the normal space, where x 2 + y 2 = 1.
The next result presents a partition of all corank 1 map germs f : (R 3 , 0) → (R 5 , 0) according to their 2-jet under the action of A 2 , which denotes the space of 2-jets of diffeomorphisms in source and target. We denote by J 2 (3, 5) the subspace of 2-jets j 2 f (0) of map germs f : (R 3 , 0) → (R 5 , 0) and by Σ 1 J 2 (3, 5) the subset of 2-jets of corank 1. Using coordinate changes in the target we can remove the terms with x 2 , y 2 and xy of the three coordinates of j 2 f (0) and thus we obtain 
Suppose that D = 0. Thus (a 21 , b 21 , c 21 ) = 0 and without loss of generality we can suppose c 21 = 0. Making the change of coordinates in the target
we have
.
Since D = 0, we can also assume (b 12 c 21 − b 21 c 12 ) = 0, (a 22 c 21 − a 21 c 22 ) = 0 and making the change of coordinates
we obtain Consider α 2 = a 21 a 22 a 12 b 21 b 22 b 12 and suppose that rank (α 2 ) = 2. We have the following possibilities:
. Indeed, without loss of generality we can suppose a 21 = 0. Making
we get j 2 f (0) ∼ (x, y, a 21 z 2 + a 22 xz + a 12 yz, b 22 xz + b 12 yz, 0) and with a change in the source
we get j 2 f (0) ∼ (x, y, z 2 , b 22 xz + b 12 yz, 0). Since rank(α 2 ) = 2, we can suppose b 22 = 0 and making a change in the source, we get
y, y, z 2 , xz, 0). Finally with one more change of coordinates in the target we have the result.
(ii) If (a 21 , b 21 ) = (0, 0), using the fact that rank(α 2 ) = 2 and using appropriate changes we get j 2 f (0) ∼ (x, y, xz, yz, 0).
When D = 0 and rank(α) = 1, we can take j 2 f (0) ∼ (x, y, a 21 z 2 + a 22 xz + a 12 yz, 0, 0). In such case we obtain j 2 f (0) ∼ (x, y, z 2 , 0, 0) and j 2 f (0) ∼ (x, y, xz, 0, 0). Lastly, when D = 0 and rank(α) = 0, we have j 2 f (0) ∼ (x, y, 0, 0, 0). Therefore, we obtain the desired six A 2 -orbits in Σ 1 J 2 (3, 5) . ✷ Definition 3.6 Let M be a 3-manifold with a singularity of corank 1 at p ∈ M. We say that p is non degenerate if D(p) = 0.
Remark 3.7 The topological type of the curvature parabola for corank 1 surfaces in R n , n = 3, 4 is a complete invariant for the A 2 -classification of 2-jets in Σ 1 J 2 (2, n), ie, it distinguishes the four orbits in both cases, as shown in Theorem 3.6 and Theorem 2.5 of [1, 11] , respectively. However, in the case of a singular 3-manifold in R 5 , we do not have a similar result. For example, if j 2 f (0) ∼ A 2 (x, y, xz, yz, z 2 ), then this does not imply that the curvature locus ∆ p is always a paraboloid. Indeed, if f (x, y, z) = (x, y, xz + y 2 , yz, z 2 ) so that j 2 f (0) ∼ A 2 (x, y, xz, yz, z 2 ), but the curvature locus ∆ p = {(0, 0, 2b 2 + 2ac, 2bc, 2c 2 ) | a 2 + b 2 = 1} is not a paraboloid. Figure 1 illustrates the curvature locus ∆ p . Table 1 gives conditions on the coefficients to identify when the 2-jet is equivalent to one of the six normal forms of Proposition 3.5, where D = det(α) with 
Although, in general, the topological type of the curvature locus of corank 1 3manifolds in R 5 is not an invariant of the A 2 -classification in Σ 1 J 2 (3, 5), we do have a partial result for a special class of corank 1 3-manifold in R 5 . Theorem 3.9 Let M ⊂ R 5 be a corank 1 3-manifold at the origin p, locally parametrised by f : (R 3 , 0) → (R 5 , 0), such that f (x, y, z) = (x, y, a 21 z 2 +a 22 xz+a 12 yz, b 21 z 2 +b 22 xz+b 12 yz, c 21 z 2 +c 22 xz+c 12 yz)+o(3).
Then,
Proof Table 1 provides conditions over the coefficients on the parametrisation f in order to determine the A 2 -orbit of its 2-jet. Taking f as above and the orthonormal frame {e 3 , e 4 , e 5 } of N p M, the matrix of the second fundamental form at the origin p is   0 0 0 2a 21 a 22 a 12 0 0 0 2b 21 b 22 b 12 0 0 0 2c 21 c 22 c 12   and also rank(α) = rank(II). The curvature locus ∆ p is a substantial surface iff D = 0. Indeed, D = 0 if and only if rank(II) ≤ 2, which is equivalent to the image of the second fundamental form being contained in a plane. Hence,
When D = 0 and the rank of the second fundamental form is 2, f can be written as
where λ, µ ∈ R and f i ∈ M 2 3 with no quadratic terms in x 2 , xy or y 2 . In this case, ∆ p can be parametrised by
, λa(x, y, z)+µb(x, y, z)) where x 2 + y 2 = 1 and z ∈ R. Hence the curvature locus is contained in the plane generated by the vectors (1, 0, λ) and (0, 1, µ) in N p M.
In the previous conditions, consider a 2 21 + a 2 22 + a 2 12 > 0. Suppose a 21 = 0 and write a(x, y, z) = a 21 z 2 + z(a 22 x + a 12 y).
Since (a 22 x+a 12 y) is bounded and a 21 = 0, the image of the function a does not cover all the real. The same analysis can be applied to the other functions and ∆ p does not cover the whole plane. Therefore ∆ p is a planar region. However, if a 21 = a 22 = a 12 = 0, the curvature locus is parametrised by
where z ∈ R and the second part is a closed curve. Hence, ∆ p is the whole plane. When rank(II) = 1, the image os the second fundamental form is contained in a line and the proof of the cases (iv) and (v) are analogous to the previous. Finally, rank(II) = 0 iff ∆ p is only a point. ✷ Given M ⊂ R 5 a corank 1 3-manifold at the origin p, locally parametrised by f : (R 3 , 0) → (R 5 , 0) it is possible to write the 2-jet of f at the origin, j 2 f (0), in the special form of Theorem 3.9 just using the action of the group A 2 . Example 3.10 The previous result is not true in general. Consider, for instance, the corank 1 3-manifold given by f (x, y, z) = (x, y,
We denote by R 2 the group of 2-jets of diffeomorphisms from (R 3 , 0) to (R 3 , 0) and by O(5) the group of linear isometries of R 5 . Then, R 2 × O(5) is a subgroup of A 2 which also acts on Σ 1 J 2 (3, 5) , the subspace of 2-jets of corank 1.
We list below the parametrisations obtained with changes of coordinates in source and target preserving the geometry of the image. To obtain such parametrisations we use the classification given in Remark 3.8.
Using smooth changes of coordinates in the source and isometries in the target, we can reduce f to the form
Proof Let f be a corank 1 map germ such that j 2 f (0) ∼ A 2 (x, y, xz, yz, z 2 ), then we have
So it is possible to take c 21 = 0. A change of coordinates in the variable z, making
Since D = 0, we have ( a 22 ) 2 + ( b 22 ) 2 > 0 and a 22 b 12 − b 22 a 12 = 0. Without loss of generality we can assume a 22 = 0 and take the rotation in R 5 given by 
and the rotation in R 5
we transform j 2 f (0) into (x, y, a 20 x 2 + a 11 xy + a 02 y 2 + a 22 xz + a 12 yz, b ′′ 20
where a 22 , c ′′ 21 > 0. Finally with the change of coordinates in the source z = − a 11 a 22 y +z ′ ,
we have 
The proof of this result is analogous to the proofs of Theorem 1.7 in [11] and Theorem 3.8 in [1] . However, the proof is very long and can not be carried out by hand. Therefore, we present it in Appendix 5.
Geometry of the curvature locus
The aim of this section is to study the geometry of the curvature locus of a singular 3-manifold in R 5 . For this we relate this curvature locus with the curvature locus of a smooth 3-manifold in R 6 , given in [3] , through a local lifting. In what follows we review definitions and results from [3] .
Curvature locus of a smooth 3-manifold in R 6
Let M be a smooth 3-manifold in R 6 parametrised by f : U ⊂ R 3 → R 6 and a point p ∈ M . For each p = f (x, y, z), the tangent space T p M is the 3-dimensional vector space generated by B f = { ∂f ∂x (p), ∂f ∂y (p), ∂f ∂z (p)}. Also, the orthonormal frame that generates the normal space N p M ≡ R 3 is {e 1 , e 2 , e 3 } such that the orientation of the frame ∂f ∂x (p), ∂f ∂y (p), ∂f ∂z (p), e 1 , e 2 , e 3 is the same as the one of R 6 . Given a normal field ν in M , consider the linear map
is called the ν-shape operator atp. The second fundamental form of M along the normal field ν is the bilinear map
Varying v in all unit sphere S 2 ⊂ T p M , we obtain a surface contained in the normal space N p M . Such surface is called the curvature locus of M at p.
The curvature locus can also be seen as the image of the unit sphere S 2 ⊂ T p M via the second fundamental form of M at p.
In [3] , the authors prove that taking spherical coordinates in the unit tangent sphere S 2 ⊂ T p M, the curvature locus is the image of the map
where η(θ, φ) = H + (1 + 3 cos(2φ))B 1 + cos(2θ)(sin(φ)) 2 B 2 + sin(2θ)(sin(φ)) 2 B 3 + cos(θ) sin(2φ)B 4 + sin(θ) sin(2φ)B 5 , An alternative expression for the locus is given by
In [3] the authors interpret the curvature locus as the image of the classical Veronese surface of order 2 through a convenient linear map. We recall the expression of the Veronese surface of order 2, which is given by the image of the 2-sphere in R 3 through the map ξ : As we have seen in the previous theorem, a generic immersion of a 3-manifold M into R 6 is exclusively made of M 3 points. The next theorem describes all the possible topological types for the curvature locus at the points of these manifolds. To prove it, the authors use information contained in [5] , where a description of quadratically parametrised surfaces of order greater that 2 in R 3 is given. (2) In the case that the mean curvature vector H(p) does not lie in E p , the curvature locus is a convex planar region linearly equivalent to one of a following: an elliptic region, a triangle, a (compact) planar cone or a planar projection (of type 1, 2 or 3) of the Veronese surface.
The curvature loci in Theorem 4.3 are projections of the classical Veronese surface of order 2 into a linear 3-space. These surfaces have an implicit form in terms of polynomials of degree at most 4.
Also by [3] we have that the curvature locus may be a planar region just at isolated points of generic immersions. 
Real nets of quadrics
The affine geometry of the second fundamental form is the study of invariants of the action of the affine group G = GL(3) × GL(3) in the space of quadratic polynomial mappings g : R 3 → R 3 . Each such mapping generates a system of quadrics denominated a "net of quadrics". One can find in the literature many texts about nets of quadrics (see for instance [7, 8, 16, 17] ). In [7] is presented a classification of the real nets of quadrics with respect to K-equivalence (see [12] or [14] for the definition of the contact group and its action). Let H 2 (3) be the space of homogeneous polynomials of degree 2 in 3 variables. A net of quadrics is a system in H 2 (3) generated by 3 polynomials q 1 , q 2 , q 3 , where q i ∈ H 2 (3) for i = 1, 2, 3. Associated to each net there is a map germ q : (R 3 , 0) → (R 3 , 0), q = (q 1 , q 2 , q 3 ). Denote by q = q 1 , q 2 , q 3 the net given by q = (q 1 , q 2 , q 3 ), that is, q = {λq 1 + µq 2 + νq 3 | λ, µ, ν ∈ R}. Let Λ be the set of all nets q . It follows from [8] that there is a Zariski open set of Λ, denoted by Λ 0 , such that any net q in Λ 0 can be taken in the form: [15] ) (3) or in the Hessian form
A net in this set is called a general real net of quadrics. As the normal forms of the generic nets are given by homogeneous polynomial maps of degree 2, and in this case, the corresponding map germ q = (q 1 , q 2 , q 3 ) is 2-determined with respect to K-equivalence, it follows that the K-classification coincides with the classification by the action of the group G = GL(3) × GL(3).
The complete classification of quadratic mappings q ∈ H 2 (3) with respect to G = GL(3) × GL(3)-equivalence can be found in [7] . The family (3) is labelled A, B and C according to the values of the parameters c and g. Table 2 presents the types A, B and its subcases. Type C is given by c = g = 0, and the discriminant for cases A, B and C is ∆ = −λ 2 ν + (λ − 2gν)(λ 2 + 2gλν + (c + g 2 )ν 2 ).
The orbits in the complex case are labelled as follows:
The type A depends on a modulus and in the real case it splits four subcases. Type B, B * , C, C * , D, D * , E, E * , F and F * also have subcases.
The remaining cases are shown in Table 3 , along with their respective discriminants. Given a net q = (q 1 , q 2 , q 3 ), we can naturally associate the 2-jet of parametrisation of a smooth 3-manifold in the Monge form: (x, y, z) → (x, y, z, q 1 (x, y, z), q 2 (x, y, z), q 3 (x, y, z)), 
x 2 , 2xy, y 2 0 I * 2xz, 2yz, z 2 0 whose second fundamental form at the origin is given by the quadratic map q. A natural question that may arise is the following: given two G = GL(3) × GL(3)equivalent nets, q and q , do the respective curvature loci have the same topological type? The answer to that questions is no. The following example illustrates this assertion. is such that its curvature locus at the origin is a Roman Steiner surface. Its associated net q f = (x 2 +yz, z 2 −yz, xz+yz) is G-equivalent to the germ (x 2 +z 2 , z(z−y), z(x+y)) and using the changes of coordinates in sourcex = x + y andȳ = z − y, one can show that q f is G-equivalent to (y 2 +2z 2 , xz, yz), which is equivalent to the germ F a on Table  3 , whose curvature locus at the origin is a Steiner surface of type 5.
Example 4.4 shows that the complete classification of the loci of curvature's topological type of regular 3-manifolds in R 6 will require a refinement of the G-classification. We will discuss this problem, and also the case for corank 1 3-manifolds in R 5 , in a forthcoming paper.
Curvature locus of a singular 3-manifold in R 5
For a singular 3-manifold M in R 5 the study of the second fundamental form is analogous, therefore we can consider the definitions of the first normal space N 1 p M, affine hull Af f p and E p given as previously. In this way, we say that a point p ∈ M is of type M i , i = 0, 1, 2, 3 if and only if the second fundamental form has rank i at p.
We denote by S M the residual set of immersions of M in R 6 such that every point p ∈ M is of type M 3 and the curvature locus is a planar region just at isolated points.
From now on we restrict our investigation to the set S of corank 1 3-manifolds M in R 5 such that at each singular point p ∈ M, there exists a local lifting of (M, p) to (M , p) such that M ∈ S M . By Remark 3.4 we have that the subset of unit tangent vectors, C q ∈ T p M, is a unity cylinder. In this way, we blow up the sphere at the north and south poles to get a cylinder making x = cos(θ), y = sin(θ) and z = cos(φ) sin(φ) , such that 0 ≤ θ ≤ 2π, 0 < φ < π.
So we obtain the parametrisation of the curvature locus given in cylindrical coordinates and relate to the curvature locus of a smooth 3-manifold in R 6 given in spherical coordinates, through a local lifting.
The following examples illustrate different possibilities for the curvature locus of a singular 3-manifold in R 5 . In each example below consider the cylindrical coordinates a = cos(θ), b = sin(θ) and c = cos(φ) sin(φ) , 0 ≤ θ ≤ 2π, 0 < φ < π and p = (0, 0, 0, 0, 0).
Example 4.5 Let the 3-dimensional crosscap in R 5 given by f (x, y, z) = (x, y, xz, yz, z 2 ). By Example 3.2, we have that the curvature locus at p is a paraboloid given by η(a, b, c) = (2ac, 2bc, 2c 2 ) such that a 2 + b 2 = 1. Taking cylindrical coordinates, the paraboloid can be parametrised by
The lifting of f is given by parametrisation f (x, y, z) = (x, y, z, xz, yz, z 2 ) of a smooth 3-manifold in R 6 such that the curvature locus is given by η(θ, φ) = (cos(θ) sin(2φ), sin(θ) sin(2φ), 1 + cos(2φ)) , that is, an ellipsoid. Example 4.7 Let f (x, y, z) = (x, y, x 2 − 1 2 yz, y 2 − 1 2 xz, z 2 − 1 2 xy), so we have that the curvature locus at the origin p is given by η(a, b, c) = (2a 2 − bc, 2b 2 − ac, 2c 2 − ab) such that a 2 + b 2 = 1. Figure 13 illustrates this curvature locus. Taking cylindrical coordinates, we can write η(θ, φ) = 2(1 + cos(2θ) sin(φ) 2 − sin(θ) sin(2φ)) (2 sin(φ)) 2 ,
We can lift f to obtain the parametrisation f (x, y, z) = (x, y, z, x 2 − 1 2 yz, y 2 − 1 2 xz, z 2 − 1 2 xy) of a smooth 3-manifold in R 6 such that the curvature locus at the origin is given by
that is, a Crosscap surface. Proof Assume that j 2 f (0), j 2 g(0) have both A 2 -type (x, y, xz, yz, z 2 ). Then, by Proposition 3.11, they can be reduced to the form:
with a 5 , a 5 , c 4 , c 4 > 0. We denote the coordinates in R 5 by (u, v, w, u ′ , v ′ ). Then the normal space N p 1 M 1 , N p 2 M 2 are both equal to the (w, u ′ , v ′ )-space and the curvature locus ∆ p 1 (M 1 ), ∆ p 2 (M 2 ) are parametrised respectively by
. Since they are both homogeneous we can assume that ψ is also a linear map. We denote the matrices of ψ and φ, respectively, by where det P = 0 and AA t = I.
By comparing coefficients in φ • j 2 f (0) • ψ and j 2 g(0) we get the following system of 45 equations and 34 variables: a 11 d + a 12 g = 1, a 11 e + a 12 h = 0, a 11 f + a 12 i = 0, a 21 d + a 22 g = 0, a 21 e + a 22 h = 1, a 21 f + a 22 i = 0, a 31 d + a 32 g = 0, a 31 e + a 32 h = 0, a 31 f + a 32 i = 0, a 41 d + a 42 g = 0,
a 41 e + a 42 h = 0, a 41 f + a 42 i = 0, a 51 d + a 52 g = 0, a 51 e + a 52 h = 0, a 51 f + a 52 i = 0, a 25 c 6 gj + a 25 c 2 dg + a 25 c 5 dj + a 25 c 4 j 2 + a 23 dj + a 23 a 6 gj + a 24 b 3 g 2 + a 24 b 6 gj + a 25 c 1 d 2 + a 25 c 3 g 2 + a 23 a 1 d 2 + a 23 a 3 g 2 + a 24 b 1 d 2 + a 24 b 2 dg = 0, a 25 c 6 hk + a 25 c 2 eh + a 25 c 5 ek + a 23 a 6 hk + a 25 c 4 k 2 + a 23 ek + a 24 b 3 h 2 + a 24 b 6 hk + a 25 c 1 e 2 + a 25 c 3 h 2 + a 23 a 1 e 2 + a 23 a 3 h 2 + a 24 b 1 e 2 + a 24 b 2 eh = 0, a 25 c 6 il + a 25 c 5 f l + a 23 a 6 il + a 25 c 2 f i + a 25 c 4 l 2 + a 23 f l + a 24 b 1 f 2 + a 24 b 3 i 2 + a 24 b 6 il + a 25 c 1 f 2 + a 25 c 3 i 2 + a 23 a 3 i 2 + a 23 a 1 f 2 + a 24 b 2 f i = 0, a 24 b 6 gl + a 24 b 6 ij + a 25 c 6 ij + 2a 25 c 4 jl + a 25 c 5 dl + a 25 c 5 f j + a 25 c 6 gl + a 25 c 1 df + a 25 c 2 di + a 25 c 2 f g + 2a 25 c 3 gi + a 23 a 6 gl + a 23 a 6 ij + 2a 24 b 1 df + 2a 24 b 3 gi + 2a 23 a 1 df + 2a 23 a 3 gi + a 23 dl + a 23 f j + a 24 b 2 di + a 24 b 2 f g = 0, a 24 b 6 hl +a 24 b 6 ik +a 25 c 6 hl +2a 25 c 4 kl +2a 25 c 6 ik +a 25 c 5 el +a 25 c 5 f k +2a 25 c 1 ef +a 25 c 2 ei+ a 25 c 2 f h + 2a 25 c 3 hi + a 23 a 6 hl + a 23 a 6 ik + 2a 24 b 1 ef + 2a 24 b 3 gi + 2a 23 a 1 ef + 2a 23 a 3 hi + a 23 el + a 23 f k + a 24 b 2 ei + a 24 b 2 f h = 0, a 24 b 6 hj + 2a 25 c 3 gh + 2a 24 b 3 gh + a 24 b 6 gk + 2a 23 a 3 gh + a 25 c 6 hj + 2a 25 c 4 jk + a 25 c 5 dk + a 25 c 5 ej + a 25 c 6 gk + 2a 25 c 1 de + a 25 c 2 dh + a 25 c 2 eg + a 23 a 6 gk + 2a 24 b 1 de + a 23 a 6 hj + 2a 23 a 1 de + a 23 dk + a 23 ej + a 24 b 2 dh + a 24 b 2 eg = 0, From the analysis of this system using software MAPLE, we deduce that d, h, l = 0, e = f = g = i = j = k = 0, a 11 , a 22 , a 33 , a 44 = 0, a 55 > 0, a 12 , a 13 , a 14 , a 15 , a 21 , a 23 , a 24 , a 25 , a 31 , a 32 , a 35 , a 41 , a 42 , a 43 , a 45 , a 51 , a 52 = 0. Now using the fact that AA t = I, we have a 11 = ±1, a 22 = ±1, a 33 = ±1, a 44 ± 1, a 55 = 1, a 34 , a 53 , a 54 = 0. Hence the system reduces to: a 11 d = 1, a 22 h = 1, a 33 a 3 h 2 = a 3 , a 33 dl = 1, a 33 a 6 dl = a 6 , a 44 b 6 hl = b 6 , a 44 b 2 dh = b 2 , a 44 b 1 d 2 = b 1 , a 44 b 3 h 2 = b 3 , a 55 c 1 d 2 = c 1 , a 55 c 2 dh = c 2 , a 55 c 3 h 2 = c 3 , a 55 c 4 l 2 = c 4 , a 55 c 5 dl = c 5 , a 55 c 6 hl = c 6 . Thus, there are only sixteen possible solutions to the system:
